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Abstract. We introduce a notion of ^-stability on the affine grassmannian for the 
classical groups. For the group SLj, we calculate the Poincare series of the quotient 
jT of the stable part by the maximal torus T by a process analogue to the 
Harder-Narasimhan reduction. 

Introduction 

Let k be an algebraically closed field, F = k{fye)) the field of Laurent series with coef- 
ficients in fc, O = A;[[e]] the ring of integers of p = eA;[[e]] the maximal ideal of O. Let 
val : — >■ Z be the discrete valuation normalized by val(e) = 1. 

Let G be a classical group over A;, let T be a maximal torus of G. Let K = G{0^ 
be the standard maximal compact subgroup of G{F). Let 3^^ = G{F)/K be the affine 
grassmannian associated to G. We simplify ^'-^ to when the context is clear. We 
introduce a notion of ^-stability on the affine grassmannian ^ ^ which is a local version 
of the ^-stability on the Hitchin space introduced by Chaudouard and Laumon. First of 
all, we show that the quotient /T of the stable part by the torus T exists as an 
ind-fc-scheme, by a calculation with the geometric invariant theory of Mumford. Then we 
introduce a reduction process which permits to reduce the non-,^-stable parts onto the 
stable parts on the affine grassmannian associated to the Levi subgroups of G containing 
T. Finally, for the group SL^, we calculate the Poincare series of ^^/T. There are two 
ingredients in the proof: the first one is the fact that /T is homologically smooth 
and hence satisfies the Poincare duality, the second one is to give a lower bound on the 
codimension of the non-^-stable parts. The main result can be summarized in the following 
theorem. 

Theorem 0.1. Let G he a classical group over k, let T be a maximal torus of G. The 
geometric quotient jT exists as an ind-k-scheme, and it satisfies the valuative criterion 
of properness. For G = SL^, the Poincare series of /T is 

Notations. Let <I> = <I>(G, T) be the root system of G with respect to T, let W be the 
Weyl group of G with respect to T, and let W be the extended affine Weyl group. For 
any subgroup H oi G which is stable under the conjugation of T, we note ^{H,T) for 
the roots appearing in hie{H). We use the {G,M) notation of Arthur. Let T{T) be the 
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set of parabolic subgroups of G containing T, let C{T) be the set of Levi subgroups of G 

containing T. For every M G 'C(T), we denote by V{M) the set of parabolic subgroups 
of G whose Levi factor is M. Let X*{M) = Hom(M,Gm) and a^j = X*{M) (E) R. The 
restriction X*{M) -> X*{T) induces an injection a%[ --^ a^. Let (ojf)* be the subspace of 
0^ generated by $(M, T). We have the decomposition in direct sums 

The canonical pairing 

X^T) X X*{T) Z 

can be extended hncarly to ot x R, with ar = X^{T) (g) R. For M G ^{T), let 

C Or be the subspace orthogonal to a^, and au C Ot be the subspace orthogonal to 
(a^)*, then we have the decomposition 

let -Km, 71"*^ be the projections to the two factors. 

For M G >C(r), we use Am to denote the quotient of X*(r) by the coroot lattice of 
M (the subgroup of X*(T) generated by the coroots of T in M). We have a canonical 
homomorphism 

ind^ : M{F) Am 

such that x(ind''^(m)) = val(x(m)), Vx G X*(M). It is invariant under the right trans- 
lation of M(0), so it defines an application ind^ : JT^ ^ Am- Its fibers ^^^'(^) := 
ind~^(A), A G A are the connected components of , they are all translations of the 
neutral connected component ."^^^'^^K For M = GL^j x • • • x GL^^, Am can be identified 
naturally with Z'', and the application ind''^ : Z'' is nothing but 

ind'^((mi, • • • ,mr)) = (val(det(mi)), • • • , val(det(m,.))). 

For any point x G we call ind'^(x) the index of the lattice represented by x. For 

M = GLd, we simphfy ind^^<^ to ind. 

Acknowledgement. I want to thank Gerard Laumon for having posed this question, and 
for his encouragements during the preparation of this work. 

1. The IND-fe-SCHEME ^^/T 

1.1. The notion of ^-stabilty. For M G C{T), the natural inclusion of M{F) in G{F) 
induces a closed immersion of JT^ in jr^. For P = MAT G T{T), we have the retraction 

fp: ^ ^ 

which sends gK = nmK to mM{0), where g = nmk, n G N{F), m G M{F), k e K 
is the Iwasawa decomposition. More generally we can define fp^ : — >■ for L G 

jC(T), L D M and Pl G V^{M). These retractions satisfy the transition property: Suppose 
that Q G V{L) satisfy Q D P, then 

fp = /pnL o /g- 
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We have the function Hp : ^ = Um / Og which is the composition of ind^ o fp 

and the natural projection of Am to a^. 

Proposition 1.1 (Arthur). Let B',B" G V{T) be two adjacent Borel subgroups, let a^, ^„ 
be the coroot which is positive with respect to B' and negative with respect to B" . Then for 
any x € ^ , we have 

Hb'{x) - Hb"{x) = n{x,B',B") ■ a^B>,B"^ 

with n{x,B',B") G N. 

Proof. Let P be the parabolic subgroup generated by B' and B" , let P = MN be the Levi 
factorization. The application H^' factor through fp, i.e. we have commutative diagram 




and similarly for Hb"- Since M has semisimple rank 1, the proposition is thus reduced to 
G = SL2. In this case, let T be the maximal torus of the diagonal matrices, B = I 

B" = \ and we identify 0^ with the line H = {{x, —x) \ x G R} C R^ in the usual 

way. By the Iwasawa decomposition, any point x G =^ can be written as x = K. 
Let m = min{val(a), val(6)}, n = val(d), then m + n < val(a) + val(d) = and 

Hb'{x) = {—n,n), Hb"{x) = {m,—m). 

So 

Hb'{x) — Hb"{x) = {—{n + m),n + m) = — (n + m) • a^, 
and the proposition follows. □ 

Definition 1.1. For any point x E ^ , we denote by Ec{x) the convex envelope in of 
the HB'ix), B' G V{T). 

Definition 1.2. Let ^ G a^, it is said to be generic if a(^) ^ Z, Va G $(G,T). 

In the following, we always suppose that ^ is generic. 
Definition 1.3. For any point x G ^ , we say that it is ^-stable if ^ G Ec(x). 

Let jr« be the open sub-ind-/c-scheme of 1%^ of the ^-stable points. It is invariant under 
the action of the maximal torus T. Since ^ is generic, the action of T/Zq on is free, 
where Zg is the center of G. For ^, ^' G a^. there exists w eW such that = w3^^ . So 
the "quotient" jT is independent of the choice of ^. 

The aim of the rest of this section is to establish the following proposition. 
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Proposition 1.2. The geometric quotient jT of by T exists as an ind-k-scheme. 
In fact, it is the direct limit of a family of projective varieties over k. 

Although the proof is a case by case analysis, the main idea rests the same. So we will 
give a detailed proof only for GL^, and indicate the modifications for the other classical 
groups. 

1.2. The group GL^. Let G = GL^, let T be the maximal torus of the diagonal matrices. 
The affine grassmannian classifies the lattices in F'^, i.e. 

^ = {LC F'' \ Lis an O-module of finite type such that L- F = F"^}. 

Since all the connected components of are translations of the neutral connected com- 
ponent it is enough to study ^^'^K Let {ei}f_^ be the natural basis of F*^ over 
F. 

Proposition 1.3. Let ^ £ t be such that Yli=iCi = 0. ^ lattice L £ ^ of index is 
(^-stable if and only if for any permutation r G 6^, we have 

Cr(i) + • • • + ^i) < md(L n (Fe^(i) • • • Fe^(i))), i = 1, • • • ,d. 
Proof. Let B' = t{B), let Hb'{L) = (ni, • • • ,nd), then we have 

nr{i) H h = ind(L n (Fe^(i) • • • i^e^(j))), 

and the proposition follows. □ 
Let Lq = O^, let be the closed sub-scheme of ^^^^ defined by 

jr„ = {L G [ L D e"Lo}. 

It is a T-invariant projective /c-variety, and we have 

jr(o) = iimjr„. 

n 

We will prove the following result, which implies the proposition 11.21 
Proposition 1.4. The quotient /T is a projective k-variety. 

1.2.1. A non-standard quotient of the grassmannian. Let Ei, ■ ■ ■ ,Efihe vector spaces over 
k of dimension dim(i?j) = N^. Let X be the grassmannian of sub vector spaces of dimension 
n of £^1 • • • Srf. We have the Pliicker immersion i : X ^ P^, iV = (^i+'^+^rf) _ and 
the line bundle C = i*OpN (1) is naturally endowed with a Aut(£^i • • • ii^rf)-linearization. 

The torus T = acts on Ei Q) ■ ■ ■ (B with its i-th factor acts as homothetie on Ei, 
thus it acts on X. Given r^, € N, let 5" C T be the sub torus of T defined by 



(1) S={ 



''I 



.■Td-l 



-1 . 



', ti £ k 
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We will give a geometric description of the (semi-)stable points of X under the action 
of S with respect to the polarization given by the line bundle using the criteria of 
Hilbert-Mumford. Let Z he a. projective algebraic variety over k endowed with the action 
of a reductive group H over k, let C be an ample //-equivariant line bundle over Z. Let 
A : Gm — >■ -ff be a homomorphism of algebraic group, then Gm acts on Z via the morphism A. 
For any point x G Z, the point xq := limj_j.o X{t)x exists since Z is projective. Obviously 
xq € Z^"^, thus Gm acts on the stalk C^o- The action is given by a character of 
a : t — )• for some r G Z. Let lJ.^{x, A) = — r. 

Theorem 1.5 (Hilbert-Mumford). Let Z be a projective algebraic variety over k endowed 
with the action of a reductive group H over k, let C be an ample H -equivariant line bundle 
over Z. Let Z'^^ (resp. Z^^) be the open sub variety of Z of the semi-stable (resp. stable) 
points. Then for any geometric point x (z Z , we have 

(1) xeZ'' ^ H^{x,X) > 0, VA G Rom{Grn,H), 

(2) x&Z'* ^ /U^(x,A) > 0, VA G Rom{Gm,H). 

For the proof, the reader can consult [M], page 49-54. 
Lemma 1.6. We have 

ygX'"^ ^ V = Vie---(BVd, 

where Vi <Z Ei is a sub vector space. 

For n = (ni, • • • G 'L'^^^ such that the cocharacter An G X*(S') defined by 



is regular. The stability condition is equivalent to the condition that — /i^(yiAn) < for 
all such n G Ta^~^ . Up to conjugation, we can suppose that 



(2) nm < • • • < niri < - '^njsj < ni+m+i < ■ ■ ■ < Ud^ird-i- 



Let \\mt^Q Xn{t)V = Vi ® ■ ■ ■ ®Vd, where C -Ej is a sub vector space of dimension Oj. 
We have the relation 
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(3) 



dim(y) - dim{V n (^2 • • • Ed)) 



ai = dim{V r\{Ei(B---(B Ed)) -dim(Vn{Ei+i(B---e Ed)), 
ad = dim{VniEi+i(B---(BEd))-d[m{Vn{Ei+i(B---(BEd-i)), 
ai+i = dim{V n {E^+l ® ■ ■ ■ ® Ed-i)) - dim{V n {Ei+2 ® ■ ■ ■ ® Ed-i)) 

ad-i = dim(y n Ed-i). 
So the stability condition can be written as 



(We use the relation n = ai + • • • + in the second equality.) 

The equality (jH is a question of maximal value of a linear functional on a convex region, 
so it suffices to look at the condition at the boundary, i.e. 




d-1 



(5) 



niri 




= ■ ■ ■ = Ud-lTd^l, 



1 < ^0 < ^; 



and 



(6) 




nd-iTd-i, i + l<io<d-l. 



The inequality ([5]) gives 




d-1 



j=io+i 



so the inequality implies 
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(7) ai,+i + --- + ad< , l<^o<^• 

The inequality (j6]) gives 

d—l io 

77-1 < 0, nio+iri(,+i ^ Sj/rj = -niri(l +^SjAj) 
j=«o+i j=i 

so the inequahty (jj]) impHes 



(8) ai„+i + • • • + arf_i < , , i + l<io<d-l. 



1 



We can express the inequalities ([7]) and ([8]) as inequalities in dim(y n (E'j^ ® • • • -Ev)) 
with the help of the dimension relation ([3]). 
Let X = (xi, • • • , Xd) G t with 

1 Si/ri , 

We remark that X^f^^ Xj = 1. The above calculations can be reformulated as follows: 

Proposition 1.7. A sub vector space V C Ei (B ■ ■ ■ (B Ed is S-stable if and only if for any 
permutation r € &d, we have 

dim(y)(x^(i) + • • • + x^(i)) < dim(y n (^^(1) • • • ® ^^(i))), i = 1, • • • , d - 1. 

The same result holds for the semi-stable points with "<" replaced by "<". 

1.2.2. Comparison of two notions of stability. First of all, we embed as a closed sub- 
variety of some grassmannian. 

Lemma 1.8. The algebraic variety is a Springer fiber. 

Proof. For L G I^n, we have automatically L C e*-^~'^^"Lo. Let Gi^d nd"^ be the grassmannian 
of sub vector spaces of dimension nd in fe"'^^. We embed in Gr„^„^2 by the injective 
morphism Qn : S^n — ^ Gr^^ ,^^2 defined by 

en{L) = L/e^Lo C e(i-'^)"Lo/e"Lo. 
The image of Qn is the Springer fiber 

Yn = {Ve Gi^dM^ I NV C V], 

where € End(e^^~'^^"-Lo/e"Lo) is the endomorphism defined by the multiplication by e. 

□ 
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For the reason of dimension, we use another embedding g:^ : — >■ GTnd{d-i),nd'^- We 
define an inner product on the vector space k"''^^ = e^^^'^^"Lo/e"-Lo by hnearly expanding 
the relation 

(e^i-'^^'^+V,, e"-i+*'ejv) = ^,,,,<5,.,,, = 0, ■ ■ ■ ,dn - 1; = !,■■■ ,d, 

For a sub vector space V C /c"'^^ , let V'^ be the orthogonal complement of V with respect to 
this inner product. It induces an isomorphism ^ : Gr„^,j^2 Gr^^^^.j^-j „^2. Let Qn{L) = 
Qn{L)'^, ML G S^rn and let denote again the image of <^ in Ginfi{d-i),nd'^ under g-^. 

Proof of proposition fT^j Since the quotient /T doesn't depend on the choice of ^, we 
can suppose that X^j^^ = 0, G Q is positive and small enough for z = l,-- - ,d — 1. 

Let Ei = p(i-'^)"ei/p"ei, let V = gj^iL) G C Gi^d{d-i),nd:'- ^ ^ ^^ve the 

equality 



(9) dim(y n {E^ii) • • • ^^^(i))) = ind(L n (Fe^(i) • • • i^e^(j))) + n(d - 

Let Xi = ^'nd{d-i)'' • '^^^^ hypothesis on ^ implies that G Q, Xj > and X]f=i = 1- 
Take rj, Sj G N such that 

1 Si/ri 

Let Sn C r be the torus defined in ([T]) for the above rj, Sj. The equality ([9]) implies that 
er(i) + • • • + er(i) < ind(L n (Fe,(i) ■ ■ ■ Fe,(i))) 

if and only if 



(10) dim(y)(x,(i) + • • • + < dim(y n {e,^^ • • • ^,(,))). 

Combining the proposition 11.31 and the proposition 11.71 we get 

L G ^ y G 

Since ^ is supposed to be generic and are positive and small enough for i = 1, - ■ ■ ,d—l, 
the "<" in the inequality pO|) is the same as "<". That is to say that Y^^ = 1^* and so 
the quotient Y^^ / / Sn = Y^^/Sn is a projective /c-variety by the geometric invariant theory 
of Mumford. The following lemma shows that /T = ^^//Sn = Yn / / Sn, since T/Zq 
acts freely on ■ So /T is a projective A;- variety. □ 

Lemma 1.9. The morphism Sn T /Zq is an isogeny. 

Proof. It is equivalent to show that the induced morphism of character groups X*[T / Zq) — >■ 
X*{Sn) has non zero determinant. By a direct calculation, this determinant is 

d-l d-l 
{l + Y,Si/ri)Wn, 
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which is non zero by the choice of rj, Sj. 



□ 



1.3. The groups Sp2d S02d. Let {k'^'^, (,)) be the standard symplectic vector space 



over k such that {ei,e2d+i-i) 



1, • • • ,d. Let Sp2d be the symplectic group 



associated to it, let T be the maximal torus of Sp2c^ consisting of the diagonal matrices. Let 
{F'^^, {,)) be the scalar extension of (k"^^, {,)) to F. For a lattice L in F^'', let 

= {x e F^"^ I {x,L) C O}. 

The affine grassmannian associated to Sp2d classifies the lattices L in F'^'^ such that L = . 
Let 

JTn = {L G I e"Lo C L C e-"Lo}. 

It is a T- invariant projective fc- variety and we have ^ = Iim„_^+oo ^n- Let p„ : =^ ^ 
Gr2n(i,4n<i be the injective T-equivariant morphism defined by 

Pn{L) = L/e'^L^ C e-^Lo/e'^Lo. 

Let Yn be its image, it is isomorphic to Let l : Gi2nd,4nd ^ = {tnd) ~ be the 

Pliicker embedding. Let C = {lo p„)*C)pjv(l), it is an ample T-equivariant line bundle on 

Yn- 

Let GSp2d be the reductive group over k such that for any fc-algebra R, 

GSp2,(i?) = {gG GL2diR) I {9v,gv') = Xi9){v,v'), X{g) € R\ ^v, v' G R^''}. 
We have an exact sequence 

^ Sp2rf ^ GSp2d \Gm^O, 
from which it follows that ^ is the neutral connected component of =^^^P2d. Let 



T = ( 



ttd 



t 



-1 



tj, ^ k 



> . 



It is a maximal torus of GSp2(i. Let be the center of GSp2rf, then T/Gm acts freely on 
^ and we have 

Given a generic clement ^ = (^i, • • • ,^dj ~^dj " " " ) ^ t such that G Q, we can find 
Tj, Sj G Z, i = 1, • • • , d, such that 



2 + EiLi Si/n 



z = 1, • • • , d 
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Consider the sub torus Sn of T defined by 



Sn 



4.^1 +°<i4 



td'" 



f-ri 



; ti e > 



Lemma 1.10. The morphism Sn — )• T/Gm is an isogeny. 



Proof. As before, we need to calculate the determinant of the morphism of character groups 

X*{f/Gm)^X*{Sn), it is 

d d 
i=l i=l 

which is non zero by the definition of r^, Sj. □ 

As we have done for GL^, we can calculate the S'n-(semi)-stable points 1^* (resp. Y^'^) 
on Yn with respect to the polarization given by the line bundle C, and obtain the following 
comparison result, which implies the proposition 11.21 



Proposition 1.11. Under the above setting, a lattice L G is ^-stable if and only if 
Pn{L) G Y^' = Y^K In particular, 3^^ /T = 3^^/{f/Grr,) ^ Y^' / / Sn is a projective 
k-variety. 

For the group S02d, the strategy is totally the same, unless we need to use the standard 
quadratic space (A;^'^,(,)) over k such that {ei,e2d+i-i) = ^ij, i,j = 1, • • • , 2d, instead of 
the standard symplectic vector space. 

1.4. The group S02(i+i. Let [k'^'^^^, ( , )) be the standard quadratic space over k such that 
{ei,e2d+2-i) = i-,3 = Ir'' ,2(i+ 1. Let S02d+i be the orthogonal group associated 
to it, and let T be the maximal torus of S02(i+i consisting of the diagonal matrices. Let 
(^p2d+i^ ( , )) be the scalar extension of {k'^'^+^ , ( , )) to F. For a lattice L in f2'^+\ let 

= {x G F^'^+i I (x,L) C O). 

The affine grassmannian associated to S02(i+i classifies the lattices L in F^rf+i g^^h that 
L = L^. Let 

^„ = {L G ^ I e"Lo C L C e^^Lo}. 
It is a T-invariant projective /c-variety and 

.9^= lim 3^n- 

n— >+oo 

Let pn '■ ^n Gr„(2d+i),2n(2(i+i) be the injective T-equivariant morphism defined by 

Pn{L) = L/e"Lo C e-"Lo/e"io. 
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Let Yn be its image, it is isomorphic to Let C again be the T-equivariant hne bundle 

on Yn induced by the Pliicker embedding of Gr„(2d+i),2n(2d+i) • 

Let G02(i+i be the reductive group over k such that for any fc-algebra R, 

G02d+i(i?) = {5 e GL2d+i(i?) I {gv,gv') = \ig){v,v'), Xig) G i^^ V^;, i;' G R"'+'}. 
We have an exact sequence 

^ S02d+i ^ G02d+i 4 ^ 0, 
from which it follows that ^ is the neutral connected component of ^G02d+i 



T = < 



*-i 



'•) t-i ^ k ^ 



It is a maximal torus of G02(i+i. Let Gm be the center of G02ci+i, then T/Gm acts freely 
on ^ and we have 

Given a generic element ^ = (^1, • • • , ^d, 0, —^d-> " " " > ~?i) £ t such that G Q, we can 
find Ti, Sj G Z, i = 1, • • • , d, such that 



2'1 + Eti^V^^ 
Consider the sub torus Sn of T defined by 



■, i = !,••• ,(i 



1 d 1 



Sn=< 



-rd 



f-ri 
^1 



', ti G k 



Lemma 1.12. The morphism Sn — > T/Gm is an isogeny. 



Proof. As before, we need to calculate the determinant of the morphism of character groups 
X*(r/G^)^X*(5n), itis 

d d 
1=1 i=l 
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which is non zero by the definition of r^, Sj. □ 

As before, we can calculate the S'„-(semi)-stable points 1^* (resp. 1^*) on Yn with respect 
to the polarization given by the line bundle C, and obtain the following comparison result. 
It implies the proposition 11.21 

Proposition 1.13. Under the above setting, a lattice L G is ^-stable if and only if 
Pn{L) € Y^' = Y^K In particular, 3^^ /T = 3f^^/{f/Gra) = Yn / / Sn is a projective 
k-variety. 

2. Reduction of Arthur-Kottwitz 

We will introduce an analogue of the Harder-Narasimhan reduction on the affine grass- 
mannian, which we will name the reduction of Arthur-Kottwitz. 

For P E J='(r), let P = MN be the standard Levi factorization. Let $p(G,M) be the 
image of ^{N, T) in (a^)*. For any point a G a^j, we define a cone in a^^, 

Dp{a) = {ye a%i \ a{y - a) > 0, Va € $p(G, M)} . 

Definition 2.1. For any geometric point x E ^ , v^e define a semi-cylinder Cp{x) in 
by 

Cp{x) = 7r'''-\Ec''{fp{x)))n7rll{Dp{Hp{x))). 

By definition, we get a partition 

= Ec(x) U \J Cp{x), 
P&T{T) 

such that the interior of any two members doesn't intersect. The figure [T] gives an idea of 
this partition for GL3. 

So for any x ^ J^T^, there exists a unique parabolic subgroup P € J'{T) such that ^ G 
Cp{x) since ^ is generic. In this case, fp{x) G S^^^ is ^^^-stable, where = 7r*^(^) G 0^. 
We define 

5p = {x G G Cp(x)}. 

Lemma 2.1. We have a stratification of the affine grassmannian 

X = X^VA IJ Sp. 

For P G 'P(M), let P~ be the parabolic subgroup opposite to P with respect to M . Let 
Am,p = Dp~{^m) n Am, where = T^MiO ^ cIm- We have the disjoint partition 

Am = [_| Am,p- 

PGV{M) 

Let 

X^ = ind*'^-i(AM,p), ^p'-^" = X^''^" n ^p*^. 
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Cb{x) 



Ec(x) 



Figure 1. Ec(x) and Cp{x) for GL3. 

We remind that is embedded naturally in ^ by the inclusion M{F) G{F). In 

this way, is a embedding naturally in Sp. 

Proposition 2.2. We have Sp = N{F)3l^p'^" . 

Proof. By definition, we have fp{Sp) C ^Tjf'^*', so Sp C N{F)^p'^'" . 

For the inverse inclusion, let x G S^p^'^ C Sp, u G N{F), then fp{ux) = fp{x) and so 
Hp{ux) = Hp{x). They imply that Cp{ux) = Cp{x), so ux & Sp. 

□ 

The lemma 12.11 and the proposition 12.21 enable us to reduce the affine grassmannian 
^ into the ^*^-stable parts of M G C{T). This process is called the reduction of 

Arthur-Kottwitz. 

3. POINCARE SERIES OF JT^/T FOR SLrf 

Let k = Fp, let / be a prime number different from p. Let G = Sh^, let T be the maximal 
torus of G consisting of the diagonal matrices, let B be the Borel subgroup of G consisting 
of the upper triangular matrices. Let X+(T) be the cone of dominant cocliaracters fi of T 
with respect to B. 

3.1. Poincare series of the afRne grassmannian. Let V he a separated scheme of finite 
type over k, we use the notation: 
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Its Poincare polynomial is defined to be 

2(11111(1/) 

Pv{t)= Yl ^MHi{V))t\ 

For an ind-/c-sclieme V = lim„_>._|_oo Vn, we define 

Hi{V) = lim Hi{Vn), Hi^V) = lim Hi^Vn). 
If dim(i/j(V)) < +00 for all i G N, we define the Poincare series of V to be 

oo 
i=0 

Proposition 3.1 (Bott). The Poincare series of the affine grassmannian is 

d-l 

p^it) = ll{i-t'T'- 

1=1 

The reader can find in [B] a topological proof, and in |IM| a combinatorial proof. 

3.2. j2^^/T is homologically smooth. The aim of this section is to prove the following 
result: 

Lemma 3.2. For any n G N, the algebraic variety /T is homologically smooth. In 
particular, it satisfies the Poincare duality. 

The proof is based on an observation of Lusztig in [L] , later generalized by Mirkovic and 
Vybornov in |MVy] , which says that the affine grassmannian has the same singularity as 
the nilpotent cone. 

For ^ G X+{T), let Sch(/u) = Kei'K/K. We have the stratificat ion in ii'-orbits 

Sch(/x) = \J Ke^K/K, 

\ex+{T) 

where X ^ /j, means: 

Ai H + Aj < /xi H \- fii, i = l, ■■■,(!. 

So Sch(/x) is equisingular along Ke^K/K, hence the local singularity of Sch(/i) along 
Ke'^K/ K is the same as that of a transversal slice to Ke^K/K. 
Let L<^G = {5 G GLrf(A;[[e-i]]) \g = l mod e'^}. 

Lemma 3.3. For A G X+(T), the orbit L'^^G-e^ is a transversal slice to Ke^K/K passing 
the point e"^ in the affine grassmannian X . 

The reader can consult [BLJ for a proof. 

For G N, let M be the nilpotent cone of gl^. 

Theorem 3.4 (Borho-Macpherson). The nilpotent cone M is homologically smooth. 
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The reader can consult |BM| for a proof. 

Let p{N) be the set of partitions of N. By a partition of A^, we mean a tuple of numbers 
(oi, • • • , a„) G N, ai > • • • > a„ > 1 such that ai + ■ ■ ■ + Un = N. For A € p{N), let ux be 
the Jordan matrix of type A and let 0\ be the orbit of ux under the conjugation action of 
GLtv- For /i G p{N), we have the stratification in GLjy-orbits 

0;= U Ox, 

Aep(Af) 

where X ~< fj, means that for any i, we have 

Ai H h Ai < /ui H \- Hi. 

Thus is equisingular along Ox, and so the local singularity of along Ox is the 
same as that of a transversal slice to Ox in O^. 

In [MVyl , Mirkovic and Vyb ornov construct a transversal slice to Ox in O^. We review 
briefly their construction. Let A = (Ai, • • • , A^), let {eij, i = 1, • • • ,Xj;j = 1, • • • ,r} be 
the standard basis of such that 

uxei,j = 0, et uxeij = ei-ij, i = 2, • • • , Aj; j = 1, ■ • • ,r. 
Let Vj = kcij, j = 1, ■ ■ ■ ,r. With respect to this basis, we identify 

0[^= Rom{V„Vj). 

i,j=l,--- ,r 

Let Ui = ux\vi, 

C = Hom (ker (n,^^' ) , ker (n* ) ) , 

i,j=l,--- ,r 

where n*- is the transposition of uj . 

Lemma 3.5 (Mirkovic- Vybornov). The sub-variety (ux + C) D O^ is a transversal slice to 
Ox passing through ux in O^. 

Take any m E N, m > Ai, let m — A = (m — A^^, • • • ,m — Ai), it is a partition of dm. 

Theorem 3.6 (Mirkovic- Vybornov) . For A,^ € X^{T), X ~< fi, there exists an isomor- 
phism 

{un.-x + C)n ^ {L<^G ■ e^) n Sch(/i). 

So the singularity of Sch(;u) along Ke^K/K is the same as that of Om-^ along Om-A- 
In particular, we have 

Corollary 3.7. For n G the algebraic variety is homologically smooth. 

Proof. Take u = (n, - ■ ■ ,n,—{d— l)n) € X^{T), we have = Sch(z^). Now that O^-u is 
the nilpotent cone in 0[^„, the corollary follows from theorem 13.41 □ 



16 



ZONGBIN CHEN 



Proof of the lemma W^ Since is open in S^n, is homologically smooth. It is a 
T/Gm-torsor over /T since the action of T/Gm is free. In particular, the natural 
projection /T is a surjective smooth morphism. According to [G], corollary 

17.16.3, locally it admets an etale section. So the torsor is locally trivial for the etale 
topology. This implies that /T is homologically smooth since is. □ 

3.3. Calculation of the Poincare series. 

Lemma 3.8. Let £ aj, be such that < a(0 < 1, Va € $b(G,T). We have dim(jr„) = 
nd{d — 1), and the closed sub-variety ^^^n have dimension at most n{d — 1)^, i.e. its 
codimension is at least {d — l)n in 

Proof Let u = {n, ■ ■ ■ ,n, {1 - d)n) G X*(T), then dim(^„) = dim{l€''K/K) = nd{d - 1) 
since I%^n = le'^K/K. Here I is the standard Iwahori subgroup of G{F), i.e. it is the inverse 
image of B under the reduction morphism G{0) — t- G{k). 
The dimension of the closed sub- variety ^n\^n is 

max{dim(5p n^n), P ^ ^(T), P / G}. 

An easy induction reduces the situation to the case where P is a standard maximal 
parabolic subgroup, here standard means that B G P. Suppose that P is of type (r, d — r), 
1 < r < d - 1, i.e. its Levi factor is M = SL(/c'' k'^'''). 

We identify Am with {(A, -A) | A G Z}. For (A, -A) G Am,p, we have A < 0. Let 
= Hp^ {{X, —X)) n then the Sp := Sp D are the connected components of 
Sp n So it is enough to bound the dimension of X"^. 

Lemma 3.9. We have the affine paving 

^n= \J B€^'K/K, 

where 

1 ... p'^i.j 

^nnBe^'K/K = ■.. : e^'K/K 

1 

with isomorphic to an affine space of dimension 

d 

^(i-l)(n-/Xi). 

i=2 

For the proof, the reader can refer to [C], Prop. 2.2 and Cor. 2.5. For G i 
C(/i) = ^„ n Be^'K/K, it is of dimension 



d r d 

^(i - l)(n - Hi) = ^(i - l)(n - fii) + ^ (i - l)(n - m). 

i=2 i=2 i=T+l 
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Since B C P, we have 

So the question is to bound the dimension of C(^) under the condition that fii < n and 
that 

r d 
i=l i=r+l 

It takes the maximal value when 

fii = ■ ■ ■ = fir-i = n, = ^ — (i^ — 1)"-; 

/ir+i = • • • = = n, fid = -X- (d - r - l)n. 

So we have 

dim(X^) < {r -l){n + {r -l)n- X) + {d-l){n + {d-r -l)n + X) 
= (r - l)rn + (d - l)(ci - r)n + (d - r)A < (d - l)^n, 

and then 



Codim(^„\^„«) > nd{d - 1) - {d - ifn = {d - l)n. 



□ 



Remark 3.1. We can also use the dimension formula in theorem 3.2 of |MVi| to obtain the 
same estimation. 

For n G N, let r„ be the truncation operator on k[[t]] defined by 

(+00 \ n 

i=io / i=io 

Theorem 3.10. The Poincare series of /T is 

^.^vtW = (1 _ nV - t^r ^ 

Further more, we have 

H2i+i{^^/T) = 0, 
and the Frobenius acts on H2i{^^ /T) by g^*, Vi > 0. 

Proof. We have the exact sequence 
By lemme 13. 8| 

dim(,^„\^„«) < n{d-lf, 
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SO 

Hi{^n\'^^) = 0, i> 2n{d - 1)2 + 1, 

and 

Hi^ci^^) = H,{^n), t > 2n{d - if + 2. 

Since and are homologically smooth, they satisfy the Poincare duahty, which 
implies that 

(11) Hi{^^) = H,m, 0<i< 2n{d - 1) - 2, 

since dim(^„) = dim(^„^) = nd{d - 1). 
Because T/Gm acts freely on , we have 

(12) = H,,{a^^)(^^H,,{B{T/Gm)), 

il+i2=i 

where B(T/Gm) is the classifying space of T/Gm-torsors. 
Combining the equalities (fTTI) and (I12p . we get 

(13) r2(rf_i)„_2[P^;|/^(t)] = T2(,„i)„_2[(l - t^f-'^Ps-At)], 

and 

H2i+i{^^ /T) = 0, 0<i<{d-l)n-2, 

and the Frobenius acts on H2i{^n /T) by q^^, < i < {d — l)n — 1, because it acts thus 
on F,(^„) and H^{B{T /G.^))- 
Since 

d-l 

lim r2(rf_i)„(Pr„(t)) = Pr(t) = 11(1 - t'T\ 

n— i>+oo ^ ' 

4 = 1 

we can take limits of the two sides of (jl3p . and get: 

-1 



This implies that we can also take limits of the two sides of (jlip and (jl2p . and obtain 



il+i2=i 

and the second part of the theorem follows. □ 
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Remark 3.2. The rotation torus Gm acts on the quotient J^T^/T. It gives an affine paving 
of ^^/T for SL2. But for SL^, d>3, the fixed points (JT^/T)^™ are not discrete. 
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